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[http://dx.doi.org/10.1063/1.4824349] High-order harmonic generation (HHG) provides coherent extreme-ultraviolet radiation and soft x-rays which can be used in time-resolved studies in atomic, 1,2 molecular, [3] [4] [5] and solid state systems, [6] [7] [8] in extreme ultraviolet interferometry 9 and in coherent diffractive imaging. 10 The theory of HHG can be considered in terms of microscopic and macroscopic aspects. The microscopic treatment is the "single-atom" response or the timedependent dipole whose Fourier transform is a harmonic spectrum. 11 The process of recombination of the free electron and the parent ion in HHG can be used to study atomic and molecular structural dynamics and opens new directions for studies in atomic and molecular physics. 12, 13 The macroscopic phase-matched propagation of the fundamental and harmonic radiation, i.e., the coherent construction of the harmonic field in the macroscopic medium, is reflected in the temporal and spatial profile of the harmonic intensity and plays a major role in experimental aspects but is difficult to include in theoretical calculations. The degree of phase-matching depends on the harmonic order and a number of experimental parameters.
Previous studies of the generation of phase-matched HHG in the near cut-off region using a moveable focusing lens in a semi-infinitive gas cell 14 have shown that the phase change along the focusing beam can be adjusted for phase matching under certain conditions. At the high laser intensities (10 14 -10 15 W/cm 2 ) used for HHG, the electron tunnels through the modified Coulomb barrier at the maximum electric field of the laser cycle, is trapped in a quasi-bound state and then captured into a Rydberg state. 15 The density of these electrons is high and therefore the contribution of excited atoms to the dispersion cannot be neglected; however, the influence of the excited atoms on the phase matching has not been considered in previous studies.
The wave-packet created by the laser field plays a fundamental role in understanding the quantum picture and provides a bridge between the quantum picture and the classical concept of the trajectory of a particle. The motion of the wave-packet reflects the time evolution of a coherent superposition of the system. Useful information regarding the discrimination and visualization of the wave-packet dynamics can be obtained from time-resolved photoelectron imaging because of the sensitivity of the photoelectron angular distribution to the electronic symmetry. 16 The HHG process is a coherent recombination of wave-packets and can be used to study wave-packet properties. 17 In conventional pump-probe spectroscopy a strong laser pulse is used to excite an atom (or molecule) and the variation of the optical properties following the relaxation or excitation of the atoms (or molecules) is probed by a second delayed pulse. In a HHG experiment, the propagation and phase of the fundamental and harmonic fields depend on the optical properties of the medium and are reflected in the observed harmonic intensity through the so-called phase mismatch factor. A second off-axis delayed pulse can be used to perturb the propagation process or to change the harmonic phase which leads to a variation of the total harmonic intensity and the harmonic beam profile. 18 In this paper, we report the use of a second, off-axis, long-pulse, laser beam to control the HHG process and show that the dynamics of the excited wave-packet can be studied through the modulation of the HHG intensity and the variation of the beam profile. The experimental approach proposed here shows that the properties and dynamics of the quasi-bound electron wave-packet can be studied and characterised.
A 1 kHz multi-stage, multi-pass, chirped-pulse amplifier system producing up to 10 mJ pulses with a duration of 35 fs and centred at 810 nm is used in our experiment. Details of the HHG setup and detection system have been described elsewhere.
14 The laser beam is split into two beams with an intensity ratio of first beam to second beam of about 4:1. A dispersion medium is added in the path of the second beam to give a pulse duration of $80fs. The dynamic of ground or ionised electrons can be studied separately when the duration of the controlling (second) pulse is longer than the duration of driving (first) pulse. The extension of the second pulse is short enough for the two pulses to remain phase-locked and the chirp effect can be neglect. The two laser beams are focused to a spot in a gas-filled cell near an exit pinhole at an angle of about 3 . Under these conditions the length of the overlapping region of the two beams is $2 mm which is smaller than the Rayleigh length ($10 mm). delay implies that the second beam pulse precedes the first beam pulse.
The total electric field of the q th harmonic E q emitted along the axis of the fundamental field is given by
where q is the gas density, L abs is the absorption length, L med is the interaction length, and d q is the amplitude of the atomic response. k q and k 0 are the wave vectors of the q th -harmonic and the fundamental laser field. The phase mismatch Dk ¼ k q -qk 0 along the axis of the fundamental laser beam can be expressed as 20 DkðzÞ ¼ À2pPqqð1 À gÞ½dnðk; zÞ À dnðk q ; zÞ=k þ Pqgr e kðq À 1=qÞ; þðgeometric termÞ þ ðdipole phase termÞ þ ðdispersion of highly excited mediumÞ;
where k is the laser wavelength; P, g, and r e are the gas pressure, ionization fraction, and classical electron radius, respectively; and dn(k,z) and dn(k q ,z) are the linear and nonlinear dispersion of the gas at the fundamental and harmonic wavelengths per unit atomic density. The first term (in square brackets) in Eq. (2) is related to the dispersion of the neutral medium, which is negative, and the second term is the plasma dispersion, which is positive. The geometric term is dependent on the configuration of the HHG setup. Electrons which have tunnelled under the interaction of the laser field at the maximum electric field of a laser cycle can return to the atom after one cycle with zero kinetic energy 21 and oscillate with the laser frequency in the next cycle. These electrons can be captured into a Rydberg state after a few optical cycles of the pulses. When a long laser pulse is applied a quasi-bound wave-packet and a Rydberg state with a high density wave-packet are created. We include in Eq. (2) a term due to the dispersion of the highly excited medium to take account of excitation effects. The neutral and plasma dispersions are characterized by refractive indices 22 and depend on laser intensity and the length of the medium along the propagation direction. The dipole phase and the contribution of the highly excited atoms are space-dependent phases and vary along the transversal and longitudinal direction.
When the second beam is absent the pressure, aperture diameter, energy and chirp of the first laser pulse are optimized for maximum total harmonic flux and narrow bandwidth for all available harmonics. The optimised HHG spectrum, which is recorded along the x-axis of the CCD detector, is shown in the inset of Fig. 1(b) for HHG from argon gas. A good beam profile, which is recorded along the y-axis of the CCD, indicates that the phase mismatch is small for a short quantum pathway along the optical axis.
14 The dispersion of the neutral medium is much smaller than the plasma dispersion, 20 so that the release of a few electrons is sufficient to alter the balance of the neutral atom dispersion. The harmonic intensity and spatial profile are sensitive to any change of the phase mismatch factor.
When the second laser field is applied the harmonic intensity varies with the delay time between the two beams because the phase-mismatch Dk is altered. Similar to the use of a spatial filter to isolate the contribution of different quantum paths, 23 we select the central region along the optical axis to analyse the intensity of the harmonics. Figure 1 shows the variation of intensity with delay time of the second beam for two harmonics: the 25th harmonic (H25- Fig. 1(a) ) which has the highest intensity and the 21st harmonic (H21- Fig. 1(b) ), when argon gas is used. The intensity of the second pulse is $3.10 13 W/cm 2 . The polarization of the second laser field is set both parallel and crossed to that of the first laser field. Figure 2 shows the intensity of the 21st harmonic (H21- Fig.  2(a) ) and the 17th harmonic (H17- Fig. 2(b) ) for molecular oxygen versus delay time of the second beam.
When the two laser fields overlap in time (i.e., the delay time is less than the pulse duration $80 fs) the output harmonic intensity is very low. In our experiment, the intensity of the off-axis second beam is high enough to produce a nonlinear response and to change the trajectory of the free electrons 24 in the overlapping region. A large additional mismatch factor is created in the overlapping region and the minimum of the phase mismatch established by optimization of the first laser field is disrupted.
For a long negative delay (s < À50 fs) the modulation of the harmonic intensity is very strong for parallel polarizations for delay times up to À300 fs. When a 80 fs hyperbolic secant second pulse is applied the ratio of the first second field strength is $0.05 and 0.01 at a delay time of À200 fs and À300 fs, respectively. The second field does not change the field strength of the first field but it is enough to modify the trajectory of the free electron. It is worth to note that the modulations of the HHG radiation for the positive and negative delay are differently (we don't consider that in this paper). A high modulation frequency, which is the same as the laser frequency, and a low modulation frequency (20-25 THz) can be seen in Figs. 1 and 2 . The longer modulation period is $40 fs for argon and $ 50 fs for molecular oxygen. According to the three step model of HHG, the electrons are most likely produced at the peak of the electric field but they return to the core with zero kinetic energy and are trapped in a quasi-bound state. They are not contributed to HHG emission but their contributions to phase-matching cannot be neglected. The properties of the electrons in these states are not well understood. The second (weak) pulse excites the quasi-bound and high excited wave-packet, which is likely to be a highly excited Rydberg wave-packet, into the ionized continuum. The interaction of the second field with parallel polarization is strong because the quasi-bound and Rydberg states are high dipole states. The free electron wave-packets created by the first laser field, when they interact with the field before or after the maximum, and the other free electron wave-packets created by the second laser field through the ionization of the high-excited wave packet can interfere with each other. We can consider a double-peaked free electron wave-packet originating neither from double ionization nor from single ionization. The ionization of the quasi-bound wave-packet and the interference of the two wave-packets leads to a change of the plasma dispersion. The interaction of the second laser field with the free electrons modifies the trajectory and re-scattering of the electron causes a change in the dipole phase. In the longitudinal direction or in the total harmonic intensity, the contribution of the dipole phase to the phase-mismatch is smaller than that of the plasma dispersion.
Using a strong many cycle pulse (duration $30 fs), a quasi-bound electron with very low kinetic energy and a short-lived Rydberg wave-packet are created by the tunnelling of the electron at the maximum electric field of each laser cycle. In the rotating wave approximation, the density of the combined wave-packet during the interaction of the first field can be written as 25 PðtÞ
where b is the coupling between the two wave-packets and x 12 is the frequency splitting of the two states. These wave-packets can be ionized by the second weak laser field to continuum states. The laser electric field used to generate a coherent double-peaked free wave-packet in the continuum state is given by
The additional electrons in the continuum state can be expressed as
where x l is the laser frequency, f 2 (s) is the intensity envelope of the second laser field, and c is the transition probability. The intensity envelope of the second laser field is
, where T 2 is the pulse duration of the second laser field and N e is the normalised electron density. These electrons will change the plasma dispersion and the dispersion of the highly excited electrons in the second and fifth terms of Eq. (2) which leads to a change in the phase-mismatch. The phase-mismatch will increase with N e , and a variation of the HHG intensity scales as (1ÀN e ). Figure 3 shows the modulation of the harmonic intensity for time delays of around À200 fs for argon. The insets in Fig. 3 show simulations of Eq. (4) for different coupling factors b and c. The duration of the second pulse is T 2 ¼ 80 fs and the frequency x 12 ¼ 25 THz (40 fs) corresponding to the splitting of the quasi-bound and Rydberg states. The simulations show a similar variation of the harmonic intensity to that of the experimental observations. The coupling factors are dependent on the harmonic order.
We consider now the transverse phase-mismatch. When an atom or molecule interacts with a strong laser field a phase of the atomic or molecular dipole (atomic phase) u at is induced. The harmonic intensity is the sum over quantum paths and the phase of each path results from the phase due to the time delay between the electron-ion recombination time and the reference time of the laser period. This phase is given by
where S is the quasi-classical action for an electron excited to the continuum at t i with a canonical momentum p and returning to the origin at t f . For each quantum path, the action can be approximated by Àt s U p , where t s ¼ t f À t i is the return time and
2 is the ponderomotive potential. The gradient of the atomic phase will create an effective wave-vector K t (r,z) ¼ ru at (r,z) 18 which is proportional to the spatial derivative of the action. In a simple case this for the short and long quantum trajectories, respectively. However, when a second laser field interferes with the free electrons, the return time is altered and the coefficient a i is changed by an amount dependent on the strength of the second laser field. Because the phase-mismatch of the long trajectory is large the contribution of the long trajectory to the total phase-matched HHG intensity is small. However, the second laser field interferes with the trajectory of the free electron and changes the atomic phase which is reflected in the beam profile of the harmonic in the far-field. This can be used for a direct study of the motion of the electronic wave-packet in the continuum including the dynamics of electron rearrangement prior to recombination. The insets in Fig. 4 show the beam profile of H21 and H17 for oxygen at around À100 fs where the phase-mismatch is large and the harmonic intensity is low. Within one optical cycle, we observe a shifting of the maximum with delay time away from the axis (for delay $ À108 fs) to an asymmetrical annular beam around the optical axis of the driving field (for delay $ À109 fs) and then an abrupt change back to on-axis (for delay $ À110 fs). When the divergence is a maximum we observe contributions from both off-axis and on-axis radiation. An asymmetrical annular beam (around the optical axis of the generated field) may result when the two fields are aligned off-axis. The momentum gain of a free electron, dP elec ¼¯K t is transferred to the harmonic photon, and is taken into account in the phase-matching condition. 18 Based on momentum conservation of the wave-vector, K q ¼ qK 0 þ K t , we can determine the jK t j for different harmonic orders. While the transverse effective wave-vector and hence the transverse phase exhibits a slight monotonic increase with harmonic order for argon the phase for molecular oxygen changes abruptly for the harmonic at the cut-off as shown in Fig. 4 . The changing of the return time (s s ) involving the second pulse alters the phase front of the harmonic field, which is reflected in the far-field spatial profile. 24 We can expect that the variation of the spatial profile depends on the atomic and molecular structures.
In conclusion, using a long off-axis pulse to modify the phase-matched harmonic intensity and the spatial distribution, the contribution of different electron trajectories can be revealed. We demonstrate that information on the quasibound state and the Rydberg state can be obtained from the high-order harmonic generation process. This experimental technique offers the possibility of studying the dynamics of the phase matching of an atom and the molecular structural dynamics with high time and spatial resolution. 
